THE CALCULATION OF THE EIGENVICTORS OF CODIAGONAL MATRICES
PRODUCED BY THE GIVENS AND LANCZOS PROCESSES

by

J.H. Wilkinson
National Physical Laboratory Teddington, Middlesex

1. INTRODUCTION

In both the Givens and the Lanczos methods for calculating the eigenvalues
and eigenvectors of a matrix, a collineatory transform%tion is constructed

which reduces the matrix to codiagonal form. Givens (") has given a complete
analysis of the problem of finding the eigenvalues and has described a very
satisfactory practical procedure for evaluating them. No such analysis has

been given for the eigenvectors, though Givens in an unpublished paper has
described a procedure which, in his experience, has given accurate results.
In this note an analysis of the problem is given and a method is described
which has been used extensively for calculating the vectors on DEUCE.

2. STATEMENT OF THE PROBLEM

The codiagonal forms produced by the Givens and Lanczos processes will be
denoted by Ci and C, respectively where we have

o, SP
C, = 62 P Pa
Bs OF Ba
8w (1)
Bn-—1 Ay Bn
Gn g
and 0g Ba
Oy = 1 a;  Bs
1 Og Ba
. e . (2)
1 s Bn
1 &n
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The Givens method is appropriate only for symmetric matrices but the Lanczos
method may be used for symmetric or unsymmetric matrices. When the matrix
is symmetric the Lanczos process is always framed in a form in which i%_
produces positive values of Bio On an automatic computer it is usual to
programme the lLanczos process so as to produce values of ¢ and B in floating
form but the Givens process 'is quite easily programmed using a fixed blnary
point. .
We 'shall assume that some or all of the eigenvalues of the codiagonal form
have been calculated to a high degree of accuracy (on DEUCE, which has a 32
binary digit word, they.will usually be correct to about 9 decimal places)
and the problem is to find the corresponding eigenvectors. We shall consider
the Givens codlagonal form first and.later we shall point out the modifica-—
tions which are necessary to deal satisfactorily with the Lanczos codlagonal
form. It is very desirable that the method should be entirely automatic.

.Corresponding to an-exact eigenvalue, Ay, of C, there is 'a non-zero
solutiion of the set of equations

cx = Ax T 8
determined -apart from an arbitrary multiplier. . We may solve any (n-i) of
the 'n homogeneous equations corresponding to (3) to obtain the ratios of the
n components of x.. The remaining equation is then automatically satisfied.
If A is an approximation to A, then the set of equations

Cx = A x . L (4)
has no non-zero solution, but by omlttlng each of the equations in turn we
may determine n vectors

(1) (2) (n)

KT, X cieuoees XU,

each of which is a function of A, and we will expect that as A tends to Aa
each of these vectors will tend to vi, the eigenvector corresponding to As.o
For a given approximation to an eigenvalue some of the x'*’/ will be closer
approximations to the .eigenvector than others. In the next section the
factors governing their rate of convergence are examined.

3. CONVERGENCE OF THE APPROXIMATE EIGENVECTORS

For the Givens form, equation (4) may be written

(0(1 s )\)Xl + ‘62' X gl = 0
Ba xy + (Ap ~ MN)xp + B3 x5 = 0
BS Xp * (Qg - }\)Xa + Bq.' X' = 0
(5)
e e o o e f Sl e
Bres Tno * (Gn , - Mxp , +Bpxp = 0
Bn xn-li""‘ (an - )\)Xn = 0

The most convenient sets of (n-i.} equations to soive are the<first.(n~;y
and the last (n-i1) and it has frequentily been suggested that one of these sets
should be used for determining the eigenvectors. If the first: (n-1)
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equations are used we may take x, = 1 and use the first equation to determine
X4, the second to determine x5 and the (n-i1)th to determine Xp. In general
the nth equation will not be satisfied exactly by these values. If we omit
an equation other than the first or the last, the situation is only slightly
less simple. If we omit the rth equation the first fr—1) equations give x,
X3 e..e.. X, in terms of x; and the last (n-r) give X .5 Xy 55 ceceeee X, in
terms of x, and we can therefore obtain all the variables in terms of x;.

The solution obtained when omitting the ith equation satisfies

) . . + . P S .
By xj0 * 18y 3 ¥ By %ye,

0 jF1
(6)
By xy_y + (@ = Mxy + Byyy x5, = 6#0

and since we are not interested in arbitrary multipliers this solution is the
same as that to the set of equations

(C - ADx = ¢e; (7)
where e; is the vector which has zero for all components except the ith,
which is unity. If the true eigenvectors of C and v; vy, ... Vv, corresponding

to eigen values A;, Az, .... A, then we may express e; in terms of the v:s

J
n
NI <k (®)
The exact solution of the set of equations (7) is therefore

n
x = I ;5 (C-ADT vy (9)

Now (C — AI)™? has the same eigenvectors as C, while its eigenvalues are
l/(xj - N). This gives

n
j = I §
J=1 J
If A = A, + € we have
o 1 3 ;‘1 o < (11)
x = i1 TV 2 V5
— 11 e XA j=2 }\J _ )\1 A ) —dJ

Provided dil is not zero we may deduce from (11) that
X 5 Vv as € 5 0.

However, in practice, 2 is always prescribed by the accuracy of the A which

we have calculated. Using single length arithmetic, on most available
machines € will be at best of the order of 1071°, If then o; happens to

be 'small', x, as given by (11), will be by no means a good approximation to
Vi If, for example, 0;, is itself of the order of 107%*° then x will contain
components of other vectors which are as large as its components of v,.
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In what follows the assumption will be made that 1/(K - A;) is not large,
that is, that there are no roots very close to Xiu It 1s reasonable however
to ignore impurities in an approximation to v; which are of the same order . of
magnitude as 1/(N; — Ay). The matrix C which we have regarded as exact from
the point of view of this investigation will in fact have been derived by the
Givens (or Lanczos) process and will therefore contain rounding errors. The
errors. in the calculated eigenvector v, due to these rounding errors will
contain the factors 1/(A, — A) x Xj'and such errors are therefore inherent in
both the Givens and Lanczos processes, or indeed in any process which derives
the eigenvectors of A via'a transformed matrix B.

The latent vectors of Givens and Lanczos matrices are such that small ale
are quite common, for the following reasons. - If one of the fs, Br say, is
exactly zero then the eigenvalues of C split into two groups, those which are
the eigenvalues of the principal minor of order (r-i) and those which are the
eigenvalues of the matrix of order (m-r+i) in the bottom right hand corner.
Eigenvectors corresponding to eigenvalues of the first group have zero compon—

ents .in each of the last (n-r+1) positions. From equation (8) 'we have
!
o Y3 - &4 .. _
i " Tt . (12)
: =d =J

and therefore aij is zero for i 2 r and j < r. If Br is very small then we
will have eigenvectors with very émall components in the last (n-r+1) posi-
tions and these will give rise to small L A common situation with Givens

matrices, and even more common with Lanczos matrices, is that a number of the
Bs are moderately small, and when this is true the roots of some principal
minors of the codiagonal form are very close to the roots of the complete
matrix. (In the Lanczos process it is common to employ a stratagem which
exaggerates this tendency) Again, corresponding to these eigenvalues the
eigenvectors will have small components in the :lower positions. From this it
is clear that none of the e; is likely to.produce consistently accurate eigen—
vectors and, in particular, that-gn and e, will in general be the least
satisfactory. This means that the first (n-2) equations of the n eguations
(5) will freguently produce inaccurate vectors.

In order to emphasize that it is not necessary for any of the Bs to be
pathologically small we may consider the matrix of order 21

10 1
1 9 1
1 8 1
loscsoossonn
1 -8 i
1 -9 i
1 -10
The largest root of this matrix is clearly greater than 10, If we denote
its exact value by A, then, using this value, we may obtain the eigenvector
from any (n-1) equations. Suppose we use the last (n-1) and put xgp, = 1.°
We have ;
Xoo0 = ()\ + 10)X21
x99 = (N + 9)xy0 - X212
X38 = (N + 8)x19 - %20

©0 9Cen0D000000€600C0000O0GC09 0506C
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giving

I
>
+
}_l
(@]

X20

]
>
+
©
>
+
[y
(@]
l
=

X119

Since A is greater than 10 it is clear that the terms of this sequence
continue to increase very rapidly for a number of stages so that in the norm-
alised vector corresponding to A the last element is very small. The vector,
correct to eight decimals, is given below. The eigenvector which would be
obtained by solving the first 20 equations with a value of A which was in
error by only 10719 would be hopelessly inaccurate.

+1.00000000
0.74619419
0.30299994
0.08590250
0.01880748
0.00336146
0.00050815
0.00006659
0. 00000771
0.00000080
0. 00000007
0.00000001
0.00000000
0. 00000000
0.00000000
0.00000000
0. 00000000
0. 00000000
0.00000000
0. 00000000
+0.00000000

The value of the eigenvalue correct to.9 significant decimals is 10.7461942.

4. PRACTICAL PROCEDURE FOR CALCULATING EIGENVECTORS

Instead of solving the equations

(C -ADx = e; (13)
for some value of i we analyse the solution of
(C-AI)x = b (14)
for -any vector b. If b is expressed in terms of the eigenvectors vi Vvap...¥v,
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b= n Y; ¥ (155

then we have

et A e e M (18)

1 il

If A is an accurate approximation to a root A: then it is clear from (186)
that the corresponding x will be an accurate approximation to v; provided b
is chosen so that it is not particularly defective in V-

In the procedure programmed for DEUCE b is chosen in a way which makes it
unlikely that it is particularly defective in any of the v; and at the same
time so as to minimise the computation involved in calculating x from (14).
The equations may be written in full

(g — N)xa + By xp = by
By x1 + (dp = N)xp + B3 x5 = by
Bs xo + (0g — AN)xg + Ba'x4 = bg
A T (17)
Bnos Xnop * (Op_y - Mxp , + Bp %y = bpy
Bn xpy * (@y — Mxy = by

This set of equations is solved by successive elimination, eliminating the
variables Xy, Xg, sse X, , in their natural order but taking as 'pivotal’
row at each stage that equation which has the largest coefficient of the
variable which is being eliminated. At each stage there will be only two
equations containing that variable. Because the equations are not necess-—

arily used in their natural order the resulting equations must be written

Py X3 *t Q1 X T Iy Xz = Ca

P2 Xo * Q2 Xz t ro X4 T Ca2

6 B g e @ Boce, i e se el L i@ B (18)

Pnyp *no Y 9o *ny ¥ Tn o *n 7 Cn-

Pny ¥p-a t 9y *n 7 Cna

Pnn T ©n
though usually many of the r; s will be zero. The c; s are derived from the
b; s, which are still at our disposal. We may assume that the b; s were
chosen so that c; =1 for all values of i, and in this way we avoid any nec-
essity for computation of the right hand sides of (18)- We therefore solve
the set of equations (18) with ey = 1 It is obvious that there is ‘no

guarantee that the vector b corresponding to the value chosen for c will not

be deficient in any v;, but it is reasonable to assume that this is improbable.

The process has been used in exactly the above form on a -large number of
matrices, many of which have produced codiagonal forms with very small Bi S
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The vectors have been consistently accurate. The time taken to find the
eigenvectors of the codiagonal form by this method is, however, guite a small
percentage of the total time taken for the whole problem; so that, if it
were found on a more extended test that it was not satisfactory, the follow-—
ing alternative, which is somewhat longer, could be ‘used.

By the above process we may calculate X, corresponding to the known
approximation A. This vector x, may now be used as the vector b in the sets
of equations (17). Even if x, is not a sufficiently good approximation to
¥, it will certainly contain a substantial component of vy so that the vector
X, obtained with b = x; will be a very accurate eigenvector. There is about
twice as much work in this process as in that which has been described prev-
iously, but even with this refinement the time taken to calculate the eigen-
vectors of the codiagonal form is quite satisfactory. When deriving x, from
X, there is no need to recalculate the P;i s, @3 s and r; s since they are the
‘'same as before. If a copy is retained of the multiplying factors used .in
the initial reduction, the amount of work involved in calculating x, is less
than that in calculating X0 It is not possible to obtain unlimited accuracy
in the vectors of C (regarded for this purpose as an exact matrix) by
repeating the ‘above process to.obtain vectors Xz, X4 .... €tc., but it is
quite easy to obtain a vector of more than single length accuracy without
resorting to double length arithmetic, while still using the original approx-
imate value of A and the original values of Pj» 4; and r;. The process
described above is repeated until two successive values of'§i (when normalised
in some convenient way) agree to within three or four binary places. This
will seldom mean producing anything further than xg. We then form the vector
'r defined by B

L7 X, - (C-AM)x,
and use r as our vector b in the equations (17). The vector r will be small
compared with Xj_, and we can therefore take more binary places in r than in
X5 - The figures in these extra binary positions will be determined exactly
provided all the figures involved in the multiplication of X; by (C - AI) are
retained. If (e — KI)X_= r then (§i + y) is a more accurate vector.

5. THE LANCZOS PROCESS (2)

Although the 'essential details of what has been described above apply
equally well to the Lanczos process for symmetrical matrices, there are some
points which call for comment. The codiagonal form is derived as follows.
Starting with an arbitrary vectors X3, @ set of n orthogonal vectors X, X,
X3 --c-. X is derived by the following relations

X2 = Axy - a4, X1
Xz = Aiz' - O X9 - B2 Xq
X4 = Axg = Og X3 - Bs X2
S s e o c 00 6 ao 000 o o0 easeacoseeceaococas s (19)
Xn =~ AEn_l - an—:_ En g 'Bn—l IEH—Z_
and  Epy, S Ax, -0, x - By xp,

where Xn+, should be the .null vector.
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In practice it is mnecessary, because of rouﬁding errors, to eorthogonalise
with respect to all the earlier vectors, each X as found by the above rules.
The set of vectors, X;, derived in this manner ‘is usually such that there is’

a progressive decrease in the value of the moduli with increasing ‘i. ° It is
quite common for Xp to be very much smaller than x,. Since, as can easily
be shown

o Xi X3 _ _ S

By = —— , R o ~ (20)

this means that small f; are quite common. If X.is the matrix which has its
ith column equal to x; and Y is the matrix which has its ith row equal to
X /(x xl) then

X

0
=

and YAX = C,

1. 0y Bs
1 Oy Ba - (21)

9o @0 000 0BV a0 o

‘Because of the variation in size of the x. s it is usual to work with a

23
floating binary representation for each element of x; or alternatively to’

associate a multiplying power of 2 w1th the whole of each x; (usually called
block floating operation). o

Suppose A is a root of C, and v is the corresponding vector, then the
eigenvector of the original matrix is Xv and this ‘may be expressed in the

form

wxy t vy x, + o;ofoau +t v, X,
that is, as a linear combination of the x,; s. The variation in size of the
X3 leads to rather ‘tiresom requirements on the accuracy of the components of
Y. It might be imagined that the 'use of floatlng binary arithmetic meets
‘these requirements automatically, but this is not so. A simple example of
a matrix of order two will suffice to illustrate this. Suppose

— ¢ -8
xy = (3) %, = 1.6x107% (§) anac, = (}§ 2:-50% 107

We 'shall use fldating.decimal arithmetic with 9 significant decimals (roughly
the equivalent of DEUCE floating bimnary). The roots of C, are

4.00000003 ahd 2.99999997

4with errors beyond the last figure guoted. ‘If we take the first root and

obtain a vector from the first equation we have
112-8



3.x 1078 vy = -2.58:x 107" w,

giving as normalised v the vector

2.56/3
1

where 2.56/3 should be calculated to 9 significant decimals. This is
obviously a very inaccurate eigenvector of C, since the correct vector has,
instead of the component 2.56/3, the component 2.56/3.a where we use a to
denote the figureswhich should follow the 3 in the root 4.00000003. In
fact, this vector is wrong in the second decimal place. The corresponding
vector of the original matrix is given as

2.56
1x (%) +

x 1.6 x 107+ (9)
and from this it is clear that the error obtained in the vector of the
original matrix is in the fifth decimal.

If we had used the second equation we would have produced accurate vectors

of both C, and the original matrix. With the second root the situation is
more misleading. Suppose we use the second equation. We obtain
vy, = - 3.0x 1078 v,

giving as the normalised v

-3 x 1078
1

This vector is correct to 9 decimal places and 'is therefore perfectly satis-
factory as a vector of C,. For the vector of the original matrix it produces

—3x10°® (1) + 1.6 x 107+ (9)
0 i

To normalise this we have to multiply by a factor which is of the order of 10%.

We accordingly obtain a normalised vector with an error in the fifth decimal.
It .is obvious from this that it will not be satisfactory to solve

(C, — AI)x = b with b chosen as defined for the Givens process. The simplest

way of avoiding the difficulty is to work with the set of normalised vectors

z; derived from x; by the relation
B; = xi/(x] x;)*
If 72 is the matrix which has its ith column equal to z; then
7' Az =] a, VB xr
VB,  ax  VBs
VB3 L
o & s w om s (22)
Ba, On, VBn
VBn O
and Z2°' 2 = I - N
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The problem is now identical with that: in the Givens method. ~ Lanczos has

descrlbed a transformation similar to that given above which may be applied
to an unsymmetrlc matrix. Starting from two arbitrary vectors x, and X, ¥

a biorthogonal sequence is formed from the relations

Er+, 7 By - OQp Xp - Br X
. v (23)
o ¥ - X
Epe, - A'ER -0 X, - Br xf_ ,
If X is the matrix, the itP column of which is Ei and Y is the matrix the ith
row of whlch is yl/(x yl) then
X = I
o (24)
and YAX = Co.
The B now ‘no longer necessarily positive_sé that the matrix C, cannot be
transformed into a symmetric matrix. However if T is the matrix defined by
r o= [ 1 ]
VB4
(25)
VBz”Bs
B VB2 Bs Bn
then TC,T™t = 01 €.V, ]
VB2 P €3VBs
VBs tg
‘/Bh O
where €y = Jil = + 1. The‘same.technique may now be used though the
: Bi =

roots are, of course, not necessarily real.
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+0.12180621

First four Eigdenvectors of codiagonal form calculated by DEUCE programme.

+0.72220468 +0.49474263 -0.347016083
+0.85930971 +1.00000000 +0.05709601 +0.04146403
+1.00000000 -0.89179298 -0.22388762 +0.06847838
+0.10864611 -0.50225957 +1.,00000000 -0.54593352
+0.00731255 -0.12487537 +0.78617724 -0,10289858
+0.00022356 -0.01793071 +0.73992634 +1.00000000
+0.00000663 -0.00188653 +0.18686459 +0.34864816
+0.00000019 -0.00019439 +0.04640116 +0.11940974
+0.00000001 -0.00001692 +0.01011081 +0.03703434
+0.00000000 —0.00000190 +0.00275399 +0.01375120
+0.00000000 —0.00000009 +0.00028519 +0.00188770
+0.00000000 -0. 00000000 +0.00005483 +0.00052743
+0.00000000 +0.00000000 +0.00001250 +0.00016690
+0.00000000 +0.00000000 +0.00000059 +0.00000998

The eiéenvectors of the codiagonal matrix illustrate the phenomenon
referred to. The later vectors do not provide any points of interest and
are quite normal in form. All vectors were correct to within 2 units of
the seventh decimal, the largest errors being in the vectors corresponding
to the smallest eigenvalues. For the four vectors quoted above the maximum
error is 6 units in the eighth decimal place. In each of the first two
vectors the last component is so small that we would expect the solution of
the first (n-i1) equations to be quite valueless. This is illustrated below
where the vector obtained by inserting the approximate value of A, in the
first (n-1) equations is given. To emphasize that the results is not due
to solving this equations inaccurately with this value of A:s the (n-1)
.equations were solved to double length accuracy. The resulting vector is
given below in normalised form.

+ .0000 0000
.0000 0000
.0000 0000
. 0000 0000
. 0000 0000
. 0000 0000
. 0000 0000
.0000 0000
.0000 0000
. 0000 0004
.0000 0306
.0001 5755
.0063 9731

+1.0000 0000
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As a second example we consider the matrix given below which arose in the

theory of molecular arbitals.

MATRIX 2
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The.eigenValues produced by the DEUCEfprogrammevincluded the'three'Valueso

As
e
7\,7

which were

= 1 + 2—26

= 1 exactly

= 1 _2_27

corresponding normalised vectors were

Ve

-01108773
-03033805
-01925032
+01108773
+03033805
+00000000
-03033805
+01530415
+04564220
+03033805
-01530414
04564220
+00000000

401925032
+02639188

V7

+04540761

+01960617
-02580145
~04540761
-01960617
+00000000

+01960617

+03486117
+01525500
-019680617
-0348611%7
~-01525500
+00000000
+02580145
-01054644

the approximations produced for the .triple root:x = 1.

Vg

-04116218
+00402348
+04518566
+04116218
-00402348
+00000000
100402348
+00720252
+00317904
~00402348
~00720253
-00317905
+00000000
-04518566
+04836470

These .vectors were produced entirely automatically and "it may easily be
verified that .they are accurate eigenvectors. They are also independent
and therefore form a complete set of vectors corresponding to A= 1. That
this should happen is not surprising when we consider the meaning of equation
(16) for coincident roots. An interesting feature of this example is that
we may easily guess three eigenvectors of A from any one of the vectors ve,
V4, Or Vgo

For example vg is of the form

-2
-b

.1108773
. 3033805
.1530415

c where a
{btc)
b c
(=b-c)
0
(-atb)
(atc)

o
|

Since the a, b, and ¢ do not appear to be simply related we might expect the
vector vg to split into
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ax + by + cz

where x, y and z were eigenvectors. x y and z are in fact
1 0 0
0 -1 0
1 -1 0]
1 0 0
o) 1 0]
0 0 0
0 -1 0]
0 0 1
0 1 1
0 1 0
0 0 -1
0 -1 -1
0 o) 0]
1 1 0
i 0 1

It may readily be verified that x y and z are independent vectors of the

original matrix.

matrices with "exact"”

No.

Author

Givens, W,

Lanczos, C.

Brooker, R.A.
Sumner, F.H.

The above device has frequently been used with "exact”

coincident roots.
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